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Efficient Computer Manipulation of Tensor Products
with Applications to Multidimensional Approximation

By V. Pereyra and G. Scherer

Abstract. The objective of this paper is twofold:

(a) To make it possible to perform matrix-vector operations in tensor product spaces,
using only the factors (n-p? words of information for ®?_, 4;, 4; € £(E», E?)) instead of
the tensor-product operators themselves ((p%)* words of information).

(b) To produce efficient algorithms for solving systems of linear equations with coef-
ficient matrices being tensor products of nonsingular matrices, with special application to the
approximation of multidimensional linear functionals.

1. Introduction. The use of multilinear algebra in applied numerical analysis
has been rare. However, this is not the case in theoretical numerical analysis. In
recent times, interest has grown in the use of tensor product interpolation rules
in such different areas as multidimensional numerical quadrature [6], finite elements
[4], interpolation and approximation.

Despite this widespread theoretical interest, there are practically no algorithms
for performing the various tasks required by these applications. This paper attempts
to start filling the gap.

We shall consider some of the basic operations in tensor spaces, and we shall
indicate ways and means to perform them on a digital computer using a high level
programming language. The aim is, of course, towards economy, both in arithmetic
and storage, simplicity, sequential processing, and thus optimization in the manipula-
tion of subscripts.

After giving some basic notations in Section 2, we pass on to describe
an algorithm for performing the Kronecker product matrix-tensor multiplication
(A4, X -+ ® A)x. It is clear from the beginning that a computer implementation of
an algorithm which wants to be independent of the number of factors k must avoid
the use of multi-indexed arrays. This holds even more if considerations on economy
in index manipulations and storage are taken into account. It turns out, as we explain
in Sections 3 and 4, that the whole process can be carried out sequentially and in
a fairly simple manner.

In Section 5, we deal with systems of linear equations of the form

(4R -+ X 4)x =b.

The idea in all cases is, of course, to be able to work with the factors 4, indi-
vidually, and never form explicitly the tensor product (X) 4,. This is achieved in a
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